Abstract-A short-time asymptotic solution is developed for the problem of a half-space, part of the surface of which is raised to a prescribed temperature. A Green's function formulation is used to demonstrate that the heat flux at the surface can be determined from a one-dimensional analysis of the local heat conduction problem, except in the immediate vicinity of the edge of the heated area, where there is a boundary layer, the thickness of which grows with time. This boundary layer is then analyzed in more detail, using Williams' asymptotic technique. In particular, the additional total heat flux to the half-space due to the boundary layer is determined and hence a two-term asymptotic expression for the transient thermal resistance is obtained, which depends only on the area and the perimeter of the heated region. The results are compared with existing solutions for the case of a circular heated area and show good agreement up to Fourier numbers of the order of 0.3. Errors at large times-including the steady state-are still moderate, not exceeding 30% except for heated areas of large aspect ratio.
INTRODUCTION
THE PROBLEM of heat transfer between two contacting bodies has been a subject of extensive theoretical and experimental study for many years, because of its relevance to the design of heat exchangers and thermal machines. The inevitable roughness of the contacting bodies causes intimate contact to occur only at a number of discrete regions the total area of which is substantially less than the nominal contact area. Most of the heat flux across the interface is constricted to flowing through these 'actual contact areas', thus causing an effective interface resistance, which has been measured experimentally by many authors under steady-state conditions [l-3] .
Theoretical estimates of interface resistance [4, 51 are mostly based on a statistical analysis of the distribution of actual contact areas to be anticipated as a function of load and the classical heat conduction solution for the temperature field in two half-spaces in contact over a circular region of their common interface [6] .
More recently, interest has been focused on the corresponding transient problem, in which two bodies, initially at different temperatures, make contact for a finite period of time that is insufficient for a steady state to be established [7-lo] . This problem finds applications in components of thermal machines making intermittent contact, such as the valves of internal combustion engines [8] , and in the heat exchange between impacting particles in a fluidized bed [ 11, 121. An important feature of the transient process is that the initial temperature jump at the newly established contact causes an infinite heat flux, which then falls continuously towards the steady state. Thus, the effective instantaneous resistance is initially zero and grows asymptotically towards the steady-state value as time progresses.
The mathematical solution of the corresponding transient heat conduction problem presents challenges not present in the steady-state analysis, particularly at small values of time. Sadhal [lo] and Norminton and Blackwell [7] have obtained large-time perturbation solutions for the transient contact of two bodies over a circular region, which appear to give reasonable accuracy when the Fourier number, Fo, is in the range Fo~fi>l b= where b is the radius of the contact area, t the time and k the thermal diffusivity. A corresponding shorttime solution due to Blackwell [13] gives an approximation to the temperature field everywhere except at the edges of the contact area, where the expressions diverge, thus precluding any estimate of total heat flux and hence thermal resistance, which are of course the quantities of most engineering interest.
Schneider et al. [9] have developed a finite difference solution of the problem which agrees with the largetime solutions in Fo > 1, but the results must be rejected at small Fo, since the resistance was found to tend to a finite limit instead of zero, as demanded by simple physical arguments. This is probably a consequence of the finite grid size in the vicinity of the contact area, since at small times the temperature will differ from the initial value only in a very small surface layer under the contact area. (7) and r* thickness of boundary layer (8) .
In this paper we restrict attention to the problem temperature T(x, y, z, t) is also required to satisfy the of contact between half-spaces of similar materials, in which case conditions of symmetry dictate that the contact region(s) adopt a constant uniform temperature equal to the mean of the initial temperatures of the half-spaces. The problem can therefore be reduced to that of a single half-space, initially at zero temperature, part of the boundary of which is raised to a constant uniform temperature at time t = 0.
We first use a Green's function formulation of the problem which, like Blackwell's solution [13] , can be used to develop a formal asymptotic solution for the temperature field, except in the immediate vicinity of the edge of the heated region, where the iterative method diverges. We then concentrate on the local asymptotic field at this edge, where the heat flux first deviates from the initial uniform value. This enables us to obtain a two-term approximation to the total heat flux and hence the effective transient thermal resistance at small values of t. Both methods can be applied to problems involving a heated region of arbitrary shape.
GREEN'S FUNCTION FORMULATION
We consider the problem of the half-space, z > 0. initially at zero temperature, with the boundary conditions
where A is some region of the surface z = 0, 2 comprises all points of the surface not included in A and F(x, y, t) is a prescribed surface temperature. The heat conduction equation
Suitable solutions of equation (4) can be obtained by superposition, using the classical solution for an instantaneous point source of heat (see Section 10.2 in ref. [14] ). Thus, if the heat flux, qz, in the heated region A is denoted by q(x, y, t), the corresponding surface temperature distribution can be written in the form
Equation (5) is a multiple integral equation which can in principle be solved for the unknown heat flux, q, from which the temperature field in the entire halfspace could then be recovered.
A more convenient form of equation (5) can be obtained by taking the Abel transform of each side, defined by the relation f(t) = &$ (7) the inverse of which is (see, e.g. Section 5.7 of ref. [ 11) (8)
Applying this operation to equation (5) gives
---A on changing the order of integration and performing the inner integral.
FIG. 1. At small times, conduction is one-dimensional except
Now the function in a thin boundary layer at the edge of the heated area, A.
G(R, t-t') = exp(-R*)/R(t-t')
behaves like a delta function as (t-t') + 0, in the senting q(x, y, t) in discretized form and using a suitsense that G(R, 0) = 0, r > 0 and able quadrature to evaluate the integral term, equas m tion (13) will yield an explicit algorithm for q(x, y, t,,)
This approach will not be pursued in this paper.
Thus, if we differentiate equation (10) with respect to t, we obtain
which can be written as a Volterra equation for the unknown function, q, in the form
The integrand in the last term of equation (13) is only significantly different from zero if R is less than some critical value R*, which might be taken to be about 3 for reasonable computational accuracy. Furthermore, when (t-t') is small, this corresponds to a small range of values of r (<R*,/(4k(tt'))). This of course is merely a statement of the physical principle that after a short period of time, a heat input only significantly affects the temperature in a local region. However, it can also be shown that the total value of the integral term is vanishingly small if q is uniform (not necessarily zero) throughout this small region of influence.
It follows that equation (13) can be used to develop a formal asymptotic solution for the heat flux, q, at small times, using the conventional iterative solution method for integral equations. The first approximation is obtained by deleting the integral term, after which the current approximation is successively updated by substituting it into the right-hand side of the equation. Convergence is likely to be rapid wherever q is relatively uniform and this condition will be satisfied everywhere except in the immediate vicinity of the edge of the heated region, provided the function F(x, y, t) varies only gradually across the heated area.
We also note that the kernel of the integral term in equation (13) is identically zero when t' = t for all r. Thus, if we generate a numerical solution by repre-(12) (13) 3. TEMPERATURE
FIELD NEAR THE EDGE
The iterative solution of equation (13) will not converge in the immediate vicinity of the edge of the heated region and hence this method, like that of Blackwell [13] , cannot be used to obtain an approximation to the total heat flux into the body or the transient thermal resistance. To resolve this difficulty. we must investigate in more detail the local thermal field at the edge.
For this purpose, it is convenient to restrict attention to the case where the prescribed temperature F(x, y, t) is a constant To, in which case we conclude from equation (13) that the flux q will be given by dx, Y, t) = -J2t) (14) at all points in the heated region, A, the minimum distance of which, s, from the edge satisfies s > r* = R*,f(4kt).
(15) Equation (15) defines the thickness of a 'boundary layer' adjacent to the edge in which the heat flux differs from the constant value, equation (14) . This layer grows inwards with the passage of time. We shall show below (Section 3.2 and Fig. 3 ) that the thickness of the boundary layer corresponds approximately to the value R* = 1.
At very small times, when r* is small in comparison with the linear dimensions and the radius of curvature of the boundary of the heated region (see Fig. 1 ), the local temperature field will be essentially two- problems of linear elasticity.
Asymptotic analysis
Of these expressions, those withp = (i-l/2), where
We consider the two-dimensional problem of the i is an integer, give T = 0 on the boundary 6 = n, and half-plane r > 0, 0 < 0 c n, with the boundary and hence a general solution satisfying boundary coninitial conditions (see Fig. 2 ) ditions (20) and (21) can be constructed in the form 
T(r, n, t) = To ; t > 0 (16) T(R, 0) = T, + f c,R'-'I2
condition at infinity from equations (19), (25), and (27). This expression
(23) is shown graphically in Fig. 3 . We note that q has a square root singularity at Solutions of equation (22) which also satisfy equar + 0, corresponding to the term j = 1 in equation tion (21) can be found in the separated variable form (29). This is predictable from asymptotic analysis of T(R, 0) = Rp@(p/2,p+ 1; -R2) cos (~0) (24) the corresponding steady-state problem, since a given small value of the dimensionless coordinate, R, could where @ is a degenerate (confluent) hypergeometric correspond either to small r and moderate t or to function (see Section 9.2 of ref. [17] ). An alternative moderate r and large t. As R -+ oc, q tends to a method of deriving solution (24) is given by Carslaw constant, which can be found by summing the series and Jaeger (15.11, VIII of ref. [14] ).
(28). using the convergent series definition for the hypergeometric functions. The value obtained agreed with equation (14) to seven significant digits, thus confirming the numerical accuracy and efficiency of the procedure. We also note that q has essentially converged on this limit at R = 1, thus justifying the use of R* = 1 to define the thickness of the boundary layer in equation (15) . The total heat flux into the half-plane is clearly unbounded, but the difference between the total flux and that which would be obtained on the assumption that q is everywhere given by equation (14) is bounded and given by q(r, r) -
2KT,C 7l
where C is a numerical constant corresponding to the shaded area in Fig. 3 . This area can be obtained by numerical integration and is found to be 0.785398, which is equal to 7c/4 to six significant digits. The author believes this agreement to be beyond the bounds of coincidence, but has as yet been unable to obtain an analytical proof, which is therefore left as a challenge to the reader!
APPLICATION TO THREE-DIMENSIONAL

PROBLEMS
The above results can be used to obtain a two-term asymptotic approximation for the local heat flux and the total heat exchange when a region of the boundary is raised to a constant uniform temperature, TO, for a short period of time. The local heat flux will be given by equation (14) at all points the minimum distance of which, s, from the boundary of the heated area satisfies s > r* (32) where r* is given by equation (15) . In the boundary layer, 0 < s < r* the heat flux is given by equation (28) with R = s/,,/(4kt).
The approximation will remain valid as long as the local temperature field in the boundary layer can be taken to be two-dimensional and this in turn requires that the boundary layer thickness be small in comparison with the smallest radius, of curvature, r,,,!,,, of the heated region, i.e. 
where d is a representative minimum 'diameter' of A. The total heat flux is then obtained by integrating these expressions over the heated region, A. Clearly, the first approximation (14) to the local heat flux gives a term proportional to the total area of the heated region and each element, dS, of the perimeter S contributes a further term proportional to equation (30). Thus, a two-term approximation to the total heat flux is obtained in the form
Comparison with other solutions
The only transient three-dimensional thermal contact problem which has received significant attention in the literature concerns the contact of two halfspaces over a circular area of radius b. The corresponding steady-state problem has a classical closed form solution [6] , in which the total heat flux is
where T,, is now half the difference between the initial temperatures of the half-spaces. We can also define a corresponding steady-state thermal resistance
To 1 R,, =Q=4Kb.
Schneider et al. [9] give a finite element solution of the corresponding transient problem and conclude from their numerical results that the transient thermal resistance, R(= TO/Q(t), where Q(t) is the instantaneous total heat flux) can be approximated by the expression for the present asymptotic solution are clearly abundantly satisfied and hence the difference must be attributed to numerical inaccuracy in Schneider's solution, probably due to inadequate resolution of the finite element grid when the penetration of the thermal disturbance into the half-space is small.
Heasley [ 181 gave an approximate treatment of the transient problem in which it was assumed that a sphere of material of radius b centered on the contact circle was perfectly conducting. With this approximation, the temperature depends only on the distance from the origin and a solution can be obtained in closed form, giving a resistance equation which is exactly one half of that given by equation (39), for all values of Fo. This difference is attributable to the fact that the area of effective contact between the bodies is increased from the area of a circle (~6') to the surface area of a hemisphere of the same radius (2xb'). Thus, Heasley's apparently reasonable approximation leads to very large errors, particularly at small values of time.
Behavior at large values of time
For Fo > 0.3, criteria (33) and (34) are violated and hence the present short-time solution is strictly inapplicable. However, we note that the approximate curve has the correct general shape and even when Fo + co, corresponding to the steady-state thermal contact problem, the maximum error never exceeds 28%. Thus the present solution can also be used to obtain a rough estimate of the transient resistance over the whole range of Fourier numbers.
It is interesting to speculate as to whether the approximation would be equally good in large-time problems for other geometries. Various approximate methods have been developed for the corresponding steady-state problem and are discussed and compared in the context of the mathematically analogous elastic indentation problem by Fabrikant [19] . Equation (35) is not the most accurate of these-in view of its derivation as a short-time asymptotic series it would be surprising if it were-but for all the examples discussed by Fabrikant, the error never exceeds 30%, except for long thin contact areas of aspect ratios exceeding IO.
CONCLUSIONS
The present solution demonstrates that, at small times, the instantaneous contact resistance depends only upon the area and perimeter of the contact region, through the simple relation The method can therefore be readily applied to a contact area of any shape.
Reasonable accuracy (better than 1%) is maintained up to Fourier numbers of the order of 0.3, but the error at longer times--even including the steady state (Fo -+ co-is still moderate for most geometries.
